In this article, we prove an existence result for a nonlocal boundary value problem at resonance concerning a second order differential equation. Our method is based upon the coincidence degree theory of Mawhin. ᮊ 2001 Academic Press
INTRODUCTION w x
1 Ž . Let E be the interval 0, 1 of the real line ‫ޒ‬ and let N: C E, ‫ޒ‬ ª 1 Ž . L E, ‫ޒ‬ be a continuous operator. In this article we provide sufficient conditions for the existence of solutions of the initial value problem
1.1
Lx t [ xЉ t s Nx t , a.a. t g E and x 0 s 0, Ž . Ž . Ž . Ž . Ž .
which satisfy a restriction of the form
1.2
Tx s 0, Ž .
1 Ž . with T : C E, ‫ޒ‬ ª ‫ޒ‬ being continuous and linear.
In particular we are interested in the case where the situation is at resonance, namely when 1.3 ker L : ker T , Ž . Ž . Ž .
Ž . thus L being not invertible in ker L . If these two spaces intersect at the w x origin, we have the non-resonance case and, as one can see in 4 , things are simple, in the sense that an operator is immediately formulated and then we seek for a fixed point of it. In the resonance case the problem is approached in several ways. The more classical one is to decompose the Ž . space ker T in the form of a direct sum of subspaces, one of which is Ž . ker L , and then to work with the corresponding projections on these spaces. For this method, and for another look at boundary value problems w x at resonance, one can consult, for instance, 8 . Boundary value problems for second order differential equations at resonance were the subject of w x many articles among which we refer to 1᎐3, 6, 7 and the references therein. Here we find it more appropriate to follow the method which is w x based on the coincidence degree theory of Mawhin 5 , where the key tool is the following fact:
Ž . Let A be the one-dimensional space of linear functions y t s ct, t g Finally we notice that our conditions permit us to provide a priori Ž . Ž . bounds for the solutions of the general problem 1.1 , 1.2 at resonance, Ž . namely when 1.3 is satisfied.
SOME PRELIMINARIES AND THE ASSUMPTIONS
First we present some preliminaries needed to understand how the fixed w x point result of Mawhin 5 is concerned.
Ž . Let X and Z be real Banach spaces and let L: D L : X ª Z be a Ž . linear operator which is Fredholm of index zero. This means that Im L is
cl ⍀ ª Z and KN: cl ⍀ ª X are compact. 1 1
To obtain our existence results we use the following fixed point of w x Mawhin 5 .
. Next we present our notations and assumptions. For each x g C E, ‫ޒ‬ 5 5 Ä< Ž .< 4 5 5 we denote by x the real number sup xЈ t : t g E . The function и is a norm on the linear space
Also we assume that the following conditions are fulfilled:
There is a nondecreasing continuous function w: 0, qϱ ª w . 0, qϱ , with w r 1 Ž .
r ªqϱ r 2 such that
Ž . is a finite real number. This is equivalent to saying that if r F m q w r , Ž . then r F R m .
Let
t g E, it holds that Hx f ker T.
Ž . A4 Let x t s ct, t g ‫.ޒ‬ Then there is a certain M ) 0 such that c 2 either 
while, on the other hand, we have 
Ž .

L
We claim that the following facts hold: H 0 t 0 we get
Also we have LPx s 0 and, moreover, \ . Taking a C 1 -limit of x as ª and using continuous depen-0 0 dence arguments together with the Arzela᎐Ascoli theorem we conclude the desired result. A i , 1 s 1, . . . , 4. So, the proof follows from Theorem 3.1.
